Abstract. Suppose f : S → P 1 is a surface fibration of genus g with 3 singular fibers and two of the fibers are semistable. In 1998, K. V. Nguyen conjectured in [Ng] that such kind of fibrations do not exist for g ≥ 2. But in 2013, C. Gong, X. Lu, and S.-L. Tan found a counterexample to Nguyen's conjecture for g = 2 in [GLT]. Note that such kind of fibrations show strong arithmetic properties, and as such the counterexamples are important, but rare in fact. In this paper, a new counterexample to Nguyen's conjecture for g = 2 is constructed. † This paper received financial support both from National University
Introduction to Surface Fibration
This paper mainly studies the fibration of algebraic surface, that is, f : S → C where S is an algebraic surface and C is an algebraic curve. If the general fibers of f are curves of genus g, then f is said to be a fibration of genus g.
For the convenience in research on surface fibration of some genus, several relative invariants are introduced by mathematicians. Let f : S → C be a nontrivial fibration of genus g, then the relative invariants of f are defined as
where χ(O s ) is the Euler-Poincaré characteristic of the structure sheaf of surface S and it satisfies χ(O s ) = p g (S) − q(S) + 1 with p g (S) = h 2 (O S ) = h 0 (ω S ) the geometric genus of S and q(S) = h 1 (O S ) = h 1 (ω S ) the irregularity of S. Besides, we have two Chern numbers c 2 1 (S) and c 2 (S). Here c 2 1 (S) is the self-intersection number of the first Chern class of the tangent bundle on the surface, and c 2 (S) is the degree of the second Chern class of the tangent bundle, which is equal to the topological Euler-Poincaré characteristic of the surface.
When f is relatively minimal, these invariants are nonnegative integers and satisfy relative Noether formula 12χ f = K 
In 1988, American mathematician P. Vojta proved canonical class inequality in [V] for which we also refer to K. Liu's work in [L] :
Suppose f : S → C is a nontrivial semistable fibration of genus g ≥ 2 and s is the number of singular fibers of f , then
Since mathematicians found that fibrations with small number of singular fibers show some special properties, they started to classify these fibrations and, in the first place, achieved a series of results of the classification of semistable fibrations.
In In 1990, U. Persson and R. Miranda, in [Pe] and [M] respectively, finished the classification of semistable elliptical fibrations of rational surfaces over P 1 with 5 singular fibers, and these fibrations are shown to be of 10 classes in total.
In 1995, S.-L. Tan proved Beauville's conjecture (see Conjecture 1.5) in [T] using canonical class inequality (see Theorem 1.3).
As for the classification of nonsemistable fibrations, we have not achieved much progress by far because of the lack of powerful tools like Arakelov inequality (see Theorem 1.2) and canonical class inequality (see Theorem 1.3).
When genus g ≥ 2, few results are obtained for the classification of fibrations over P 1 with given number of singular fibers. First in 1968, Soviet mathematician A. N. Paršin proved the following theorem in [Pa] : Theorem 1.6. Suppose f : S → P 1 is a surface fibration and s is its number of singular fibers, then s ≥ 2. If f is nonisotrivial, then s ≥ 3.
In 1981, A. Beauville constructed in [B1] a fibration over P 1 with three singular fibers and one of the fibers semistable: Example 1.7. Suppose t ∈ P 1 and n ≥ 3, we have a fibration of genus ⌊ n−1 2 ⌋:
This is a fibration over P 1 with three singular fibers and one of the fibers semistable. The singular fibers are at t = 0, 1, ∞, and the singular fiber at t = 1 is semistable.
Nguyen's Conjecture and the New Counterexample
It follow from Theorem 1.4 that there does not exist a nontrivial semistable fibration over P 1 for s = 3. In 1998, through some analysis and reasoning, K. V. Nguyen made the following conjecture on surface fibrations with three singular fibers in [Ng] :
Conjecture 2.1. It seems that there does not exist a fibration of genus g ≥ 2 over P 1 with three singular fibers and two of the fibers semistable.
In 2013, C. Gong, X. Lu, and S.-L. Tan found a fibration of genus g = 2 with three singular fibers and two of the fibers semistable in [GLT] , and hence negated the above conjecture.
According to Nguyen's work in [Ng] , fibrations over P 1 with three singular fibers and two of the fibers semistable show rather strong arithmetic properties and have extensive applications in number theory. However, on the other hand, by Belyi's Theorem in [Be] , these fibrations can be defined on algebraic number fields, and as such they have rigidity property and are very rare. So mathematicians are interested in search of new examples of such kind of fibration. Now we present a new counterexample to Conjecture 2.1.
Example 2.2. Let t be the coordinate of the base curve P 1 , then we have a surface fibration y 2 = −(x 4 − x 2 + t)(x + 1), which is a counterexample to Conjecture 2.1.
Proof. Note that the surface S is obtained through a double cover of P 1 × P 1 , and the cover induces a fibration S → P 1 of genus g = 2. The discriminant of −(x 4 − x 2 + t)(x + 1) with respect to x is 16t 3 (4t − 1) 2 . So the singular fibers are at t = 0, 1/4, ∞.
By the knowledge of double cover, we obtain the branch locus of the above surface fibration as shown in Figure 1 . According to Y. Namikawa and K. Ueno's work on the classification of singular fibers of genus g = 2 in [NU] , the singular fiber at t = ∞ is shown in Figure 2 where B is the rational branch of self-intersection number −3 and the others are rational branches of genus 0 and self-intersection number −2. By definition, singular fibers at t = 0, 1/4 are semistable and the singular fiber at t = ∞ is a fibration of type VII*.
Hence it is indeed a counterexample to Conjecture 2.1.
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